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We introduce the formalism to describe heavy-ion Double-Charge-Exchange (DCE) processes in the eikonal approximation. We focus on the low-momentum-transfer limit -corresponding to the differential cross-section at θ = 0
• -and, for the first time, we show that it is possible to factorize the DCE cross-section in terms of reaction and nuclear parts. Whereas in the θ = 0
• case the nuclear part is a convolution of the beam and target nuclear matrix elements (NMEs), for θ = 0
• we demonstrate -for the first time-that the transition matrix elements can be written as the sum of Double-Gamow-Teller (DGT) and Double Fermi (DF) type parts, and that they can both be further factorized in terms of target and projectile NMEs. By making use of the Interacting Boson Model (IBM) formalism, we also show that the DGT and total parts of the neutrinoless doublebeta decay NMEs are in linear correlation with DCE-DGT NMEs. This confirms the hypothesis of a linear correlation between them, as introduced in [Phys. Rev. Lett. 120, 142502 (2018)]. The possibility of a Two-Step Factorization (TSF) of the very forward differential DCE-cross-section and the emergence of DGT and DF types for the DCE nuclear matrix elements, combined with a linear correlation between DCE-DGT and 0νββ NMEs, opens the possibility of placing an upper limit on neutrinoless double-beta decay NMEs in terms of the DCE experimental data at θ = 0
• .
I. INTRODUCTION
Neutrinoless double-beta-decay (0νββ decay) is both one of the major experimental challenges [1] [2] [3] [4] and, at the same time, the most promising means of observing lepton-number violation. It may provide proof that neutrinos are their own antiparticles, namely that they are of the Majorana type, and information on the absolute effective neutrino mass [5] [6] [7] [8] [9] , right-handed leptonic current coupling constants [7, 10] , and also an insight in the matter-antimatter asymmetry of the universe [11] . 0νββ decay can take place in nuclei via a neutrino exchange between two quarks if the electron neutrino is a Majorana particle and has a nonvanishing mass and/or right-handed couplings [5] [6] [7] . There are also other mechanisms which may cause the decay of two neutrons into two protons and electrons [7-9, 11, 12] .
The mean decay lifetime of 0νββ processes can be calculated in terms of nuclear matrix elements (NMEs), which depend both on the weak operator and nuclear structure of the parent and daughter nuclei. Unfortunately, different nuclear model approaches [13] [14] [15] [16] [17] [18] disagree in their prediction of NMEs by more than a factor of two. Furthermore, these results may need additional renormalization or quenching [19] . The large differences in the calculated values of NMEs give rise to some kind of theoretical error, which may severely limit the possibility of extracting the desired information on the neutrino mass once a decay signal is observed. These discrepancies are related to intrinsic difficulties in obtaining convergent results from many-body calculations of 0νββ decay NMEs based on different models of nuclear structure, such as, for example, the Interacting Boson Model or the Shell Model. Because of this, any experimental information which may help to disentangle different model descriptions may be very important. Some examples include two-nucleon transfer reactions [20] [21] [22] [23] [24] , nuclear structure studies of parent and daughter nuclei [25] , the study of β [26, 27] and 2νββ decays [18, [28] [29] [30] [31] [32] , Single-Charge-Exchange (SCE) [33] [34] [35] [36] [37] [38] [39] [40] and pion DoubleCharge-Exchange (DCE) [41] [42] [43] reactions.
In SCE reactions, a proton is replaced by a neutron or viceversa. SCE reactions provide information on GamowTeller (GT) and Fermi (F) strengths at small scattering angles, which represent another test for nuclear models and β decay GT and F matrix elements [44] . This is related to the possibility of factorizing [44, 45] the crosssection in terms of a reaction part and nuclear matrix elements, which are proportional to those involved in betadecay processes.
Nowadays, several experiments on heavy-ion DCE reactions are ongoing at RNCP Osaka [46, 47] , RIBF RIKEN [48] , and LNS-INFN [49] [50] [51] [52] . The first two of them make use of high-energy heavy-ion double-chargeexchange processes in order to study multi-spin-isospin flip excitation modes, such as a high-energy DoubleGamow-Teller giant resonance (DGT-GR) [46] , that has been predicted three decades ago [53, 54] . The experiment NUMEN at LNS-INFN is aiming to extract information on DCE NMEs from heavy-ion differential crosssection, with the hope this can be used to put constraints on 0νββ decay NMEs [49, 51] .
Although DCE and 0νββ decay processes are mediated by different interactions, the former by the strong and the latter by the weak one, it has been recently proposed that the nuclear matrix elements involved in DCE reactions arXiv:1806.03069v2 [nucl-th] 27 Jun 2018 may resemble, at least for their geometrical structure, those involved in 0νββ decays [51] . As in the SCE case, the procedure of extracting these NMEs neatly necessarily requires the factorization of the reaction and nuclear parts, a procedure which has never been demonstrated in the context of heavy-ion DCE processes.
The aim of the present letter is to provide a theoretical description of DCE processes and, most important, to investigate the possibility of a factorization, at least within some approximations. Our first achievement: 1) is the proof that it is possible to factorize the DCE crosssection in terms of reaction and nuclear parts for θ = 0
• ; whereas in the θ = 0
• case the nuclear part is a convolution of beam and target nuclear matrix elements (NMEs), we have shown that, for θ = 0
• , the transition matrix elements can be written 2) as the sum of DGT and DF parts, and 3) moreover, and most important, that they can both be further factorized, thereby disentangling target and projectile NMEs. Finally, thanks to the TwoStep Factorization (TSF) of the very forward differential DCE-cross-section and the emergence of a linear correlation between DCE-DGT and 0νββ NMEs, we open the possibility of placing an upper limit on neutrinoless double-beta-decay NMEs in terms of the future DCE experimental data at θ = 0
II. DCE PROCESSES
In heavy-ion DCE reactions two protons (neutrons) are converted into two neutrons (protons) in the target, and two neutrons (protons) are converted into two protons (neutrons) in the projectile, while the mass number of the target, A, and of the projectile, a, both remain unchanged.
The nucleon-nucleon charge-exchange effective potential we consider,
is the sum of a long-and medium-range one-pionexchange (OPE) part [55] and an effective zero-range (ZR) contact interaction [56] . The latter, due to manybody correlations, is written in coordinate space as follows
where the values of c GT = 217 MeV fm 3 and c T = 151 MeV fm 3 are taken from the literature [56] . The OPE and ZR interactions provide the expressions for the vertices which we need in the computation of the diagrams in Fig. 1 . These diagrams describe a DCE process in which two nucleons belonging to the target nucleus, N T1 and N T2 , interact with two nucleons within the projectile, N P1 and N P2 , as also depicted in Fig. 2 . In order to build a DCE effective potential that describes both long-and zero-range interactions, we have to combine the effects of both types of vertices.
FIG. 1:
Leading diagrams in a double-charge-exchange process. From top to bottom, they represent a double-pionexchange interaction, a double-contact term and a mixed onepion-exchange plus contact term.
The DCE-effective potential that we derived in the closure approximation, where the energies of the intermediate nuclear states are replaced by an average constant value as in Refs. [5, 57] , is given by
where σ P1,P2 , σ T1,T2 , τ P1,P2 and τ T1,T2 are spin-and isospin-Pauli matrices for the projectile (P) and target (T) nucleon, q 1,2 the conjugate momenta to the r 1,2 coordinates of Fig. 2 , and ω i = q 2 i + m 2 π , f 2 π 4π = 0.08 and m π = 145 MeV are the pion coupling constant and mass, respectively. The projectile and target closure energies are given byĒ
respectively, and the superscript, α = GT or F, indicates the type of energy excitation. The first line of Eq. (3) corresponds to the double-pion-exchange contribution (first diagram in Fig. 1) , the second to the double-contact term (second diagram in Fig. 1) , and, finally, the third line to the mixed pion-exchange contact-term (third diagram in Fig. 1 ). Further details on the derivation of the previous potential of Eq. (3) will be given in a forthcoming paper [58] .
Here, we study the DCE transitions between 0 + and 0 + ground states for both target and projectile nuclei. In this case, the differential cross-section in the CM frame is given by
where µ is the reduced mass of the target-projectile system, k and k the incoming and outgoing momentum, respectively, and T if the T-matrix of the reaction. We can calculate T if by means of the Distorted Wave Born Approximation (DWBA),
FIG. 2:
Coordinate system used in the calculations. R is the distance between the centers of masses of the two nuclei, target (T) and projectile (P). rP1 and rP2 (rT1 and rT2) are the distances between the nucleons involved in the DCE process and the center of the projectile (target) nucleus. The coordinates r1 = R + rT1 − rP1 and r2 = R + rT2 − rP2 are the relative positions of the interacting nucleons.
where we also use the eikonal approximation for the CM scattering
which is the product of the incoming and outgoing distorted wave functions, with momenta k and k ; Q = k − k is the momentum transferred from the beam to the target and
the eikonal phase [39] , which is a function of the impact parameter, b, the optical potential, U opt , which describes the interaction between nuclei, and the Coulomb phase,
where Φ i,f are the intrinsic wave functions of the nuclei before and after the interaction, which can be written as the product of projectile/target nucleon wave functions; the index m = (m T , m T , m P , m P ) refers to the angular momentum quantum numbers of the projectile and target nuclei wave functions, and V DCE is the DCE potential of Eq. (3). In momentum space, V DCE depends on q 1 and q 2 , which are the momenta conjugated to the r 1 and r 2 coordinates, respectively (see Fig. 2 ).
We can extract a simple and more compact form for the transition amplitude within the low-momentum-transfer limit. Indeed, within this specific limit, V DCE is dominated by the contact potential [58, 59] , which is a zerorange interaction. Thus, the two-nucleon-pair DCE potential of eq. (3) can be simply written as
Thus, the transition amplitude of Eq. (7) within the low-momentum-transfer limit, in accordance with standard re-coupling techniques, can be re-written as
where the isospin-operator τ
case, the previous isospin operator must be replaced by τ
In the present study, we focus on 0
f transitions of the target, for which we only have the J = 0 contribution. In this particular case, the mixed term (9) vanishes because the σ-operator is a rank-1 tensor. Thus, Eq. (9) reduces to
where M DGT A→A and M DF A→A are DCE-Double-GamowTeller (DGT) and DCE-Double-Fermi (DF) matrix elements, respectively, for a given nuclear transition of the projectile/target (A = P, T), defined as
and
where the sum is over the nucleons (n, n ) involved in the process. Finally, the cross-section of Eq. (4) can be written in the eikonal approximation and low-momentumtransfer limit as
where the angular distribution is given by
The above expression is written in cylindrical coordinates, where Q = ( Q t , Q z ) with | Q t | k sinθ [39] . It should be noted that in Eq. (13) the nuclear part of the differential cross-section is the sum of DGT and DF amplitudes, which are both factorized in terms of target and projectile NMEs. This will open the possibility of extracting neatly DGT and DF NMEs from DCE experimental data at θ = 0
• . In general, the GT-and F-excitation closure energies have different values. See [5, Table 8 ]. In the present work, we use the valuesĒ P = 3.38 MeV andĒ T = 5.28 MeV for the closure energies of projectile and target nuclei, respectively. These are calculated as the average at θ = 0
• -corresponding to the low-momentum-transfer limit -by means of Eqs. (13, 14) and the 40 Ca → 40 Ar nuclear matrix element reported in Table I . F (θ) is evaluated in the sharp-cutoff limit, where e iχ(b) = Θ(b − R), with R = 8.48 fm corresponding to the inflection point of the modulus of e iχ(b) ; thus, R is not a free parameter. It is estimated by means of a standard Wood-Saxon shape for the complex nuclear potential, i.e.
The values of the parameters, V r = −35.9 MeV, R r = 8.15 fm, a r = 0.43 fm, V i = −101.5 MeV, R i = 7.68 fm, and a i = 0.286 fm, are taken from Ref. [60] . Our calculated cross-section is 8.9 µb/sr, which is in good agreement with the data (8.0 − 10.5 µb/sr) within the experimental error. See [51, Fig. 2] . To test the importance of DF-matrix elements, we compare the differential cross-sections calculated within the θ = 0 limit on including the DF contribution. We get 8.9 µb/sr and 6.6 µb, respectively. We conclude that the DGT-contribution is dominant, as DF provides only a 26% correction.
III. RESULTS AND DISCUSSION
Our results for DCE-DGT and DCE-DF NMEs were obtained by evaluating the expectation value of spin-and isospin-operators on projectile/target nuclei wave functions; see Eqs. (11) and (12) . Table I 40 Ar DCE cross-section. The above target and projectile matrix elements are computed by means of the generalized seniority approximation, which provides a truncation scheme for the nuclear shell model [61] . It is interesting that, in the differential cross-section at θ = 0
• , the DCE-DGT part is dominant. Indeed, as shown in Table I Forthcoming experiments will measure the DCE crosssections for those nuclei which are involved in experimental 0νββ decay studies. In the following, we compute the DCE-DGT and DCE-DF target matrix elements for some of those nuclei. Our results are reported in Table II . These are compared with DGT, DF, and total 0νββ matrix elements (M DGT 0νββ , M DF 0νββ , and M TOT 0νββ , respectively) from Ref. [62] . In both calculations, ours and that of Ref. [62] , the nuclear matrix elements are computed by means of the microscopic Interacting Boson Model (IBM-2) formalism [63] .
TABLE II: Our calculated DCE-DGT (second column) and DCE-DF (third column) matrix elements for the target are compared with the 0νββ-DGT (fourth column), 0νββ-DF (fifth column) and 0νββ-total (sixth column) matrix elements from Ref. [62] (with gA = 1). The matrix elements are in f m −1 . Let us now study the DGT and DF matrix elements of the target. In the target case, we discuss the hypothesis of a linear correlation between M [64] .
In the present paper, we only deal with 0 + → 0 + DCE-DGT matrix elements of ground-state target nuclei. Pure 0 + → 2 + DGT transitions will be the subject of a subsequent paper [58] . Here, we conduct a simple linear re- gression analysis between our DCE-DGT NMEs and the 0νββ NMEs from Ref. [62] , as shown in Fig. 3 . Specifically, in Fig. 3 .a, we compare our DCE-DGT results with DGT-0νββ decay NMEs [62] . A linear correlation is seen between the two sets of data, DCE-DGT vs 0νββ-DGT. The regression line is given by
In Fig. 3 .b, we compare DCE-DGT with 0νββ-TOT. The total 0νββ NMEs can be written as [65] 
where M GT 0νββ , M F 0νββ and M T 0νββ are the Gamow-Teller, Fermi and tensor contributions, respectively; according to the hypothesis of conserved vector current (CVC), the vector coupling constant is g V = 1 [66] , while the value of the axial coupling constant, g A , is not defined unambiguously. There are three main possibilities:
Free value [62, 67] [62] . (18) A linear correlation between the two sets of data, DCE-DGT vs 0νββ-TOT, emerges in all three cases in Eq. (18) . For g A = 1 (see Table II ), which is considered to be possibly the most appropriate for 0νββ [69] , the regression line is given by:
If we use the free value, we have M 
5.84M
T,DGT DCE . In conclusion, our IBM results are compatible with the hypothesis of a linear correlation between DCE-DGT and 0νββ decay NMEs. This linear relation results from the short-range character of DCE and 0νββ operators [70] . The emergence of the linear correlation is independent of the value of the axial-vector coupling constant. Nevertheless, different choices of g A determine abrupt changes in the slope of the line DCE-DGT vs 0νββ-TOT. For this reason, in order to provide more valuable information on 0νββ decays, it will be important to place more stringent constraints on g A . In order to do this, the effective value of the axial-vector coupling constant, g A , at the energy scale ∼ 100 MeV relevant to 0νββ processes [57, 69] should be assessed. Several procedures have been proposed in order to extract the effective value of g A , including studies of β and 2νββ decays, the shape of electron spectra of forbidden β decays [27] , muon capture [71] , and so on.
In 0 + → 0 + DCE reactions at θ = 0
• , a contribution is made by both DGT and DF NMEs, though the DCE-DGT contribution is the dominant one. For this reason, one can place an upper limit on DCE-DGT NMEs, which will correspond to an upper limit on 0νββ NMEs, thanks to the existence of the linear correlation between them.
IV. SUMMARY AND CONCLUSIONS
We have presented the formalism for calculating the differential heavy-ion DCE cross-sections in the eikonal approximation at very forward angles. We have shown explicitly, and for the first time, that, within the lowmomentum-transfer limit: I) The DCE differential crosssection can be factorized into a nuclear part and a reaction factor, where the latter is computed by means of the eikonal approximation; II) The nuclear part -which, in the case of θ = 0
• , is generally a convolution of the beam and target NMEs -can be written as the sum of DCE-DGT and DCE-DF terms, which are both further factorized in terms of target and projectile NMEs. Moreover, we have shown that the differential cross-section at θ = 0
• is dominated by the DCE-DGT contribution; III) Analogously to the SCE case, where it was shown that the differential cross-section at θ = 0
• only received contributions from the contact term [39] , the DCE differential cross-section is dominated by contact interactions.
In conclusion, the possibility of factorizing the very forward differential DCE-cross-section, in combination with the existence of a linear correlation between the DCE-DGT and 0νββ NMEs, opens the possibility to place constraints on neutrinoless double-beta-decay NMEs in terms of the DCE experimental data at θ = 0
